Introduction
The characteristics of the transition vibration of a rotor system when it passes its critical speeds during acceleration are of great interest for active vibration control, active real-time balancing ͓1͔, and rotor design. In the past, a few analyses ͓2-8͔ have dealt with speed varying transient rotor dynamics. These researchers used numerical integration techniques to calculate numerical solutions to the transient dynamic model. Although these models can be used to predict the transient vibration for a complicated rotor system, it remains hard to obtain the quantitative characteristics of the transient vibration.
Lewis ͓9͔ and Dimentberg ͓10͔ presented an analytical solution of the problem of running a rotor system through its critical speeds at a uniform acceleration. The basic characteristic of the ''envelope'' ͑amplitude͒ of the transient vibration was studied by an approximation method. In this paper, their work is extended. An analytical expression of the motion of the geometric center of a simple Jeffcott rotor is derived. The exact ''envelope'' and ''phase'' of the transient vibration are presented. As stated in Dimentberg ͓10͔, it is found that the transient vibration through critical speeds consists of free vibration and synchronous vibration. Explicit expressions of these two components are presented in this paper.
Problem Statement
The Jeffcott rotor is a simplified rotor model that retains the essential characteristics of more realistic rotor models in its imbalance response. The geometric setup of this model is shown in Fig. 1 . In this setup, the bearings are rigid and frictionless. The shaft is isotropic, elastic, and massless. The disk is rigid and is located at the center of the shaft.
In practice, only the motion of the geometric center of the disk can be easily measured. Therefore, we take point S as the interested point. The equation of motion of point S in complex form is ͓11͔
Since the stationary coordinate Oxy and the body-fixed coordinate systems ͑they coincide with each other at the initial condition͒ are usually selected arbitrarily, the system imbalance is represented as a general vector w, instead of just an eccentricity. The real part and the imaginary part are symmetric in the above equation because the shaft is isotropic and there is no gyroscopic effect in this rotor model. Therefore, the vibration characteristic of this system can be obtained by only considering this second order model in one direction. It is well known that the higher order motion of a general flexible rotor can be viewed as a summation of several second order motions by modal analysis technique if the gyroscopic effect is not significant. Hence, the result in this paper can also be applied to complicated flexible rotor models.
To simplify the problem, we assume that the acceleration is constant. The real part of the governing equation changes to
For a second order system, the response to an arbitrary forcing function f (t) is ͓12͔
xϭ ͭ e
In the next section, an equivalent analytical expression for this integration solution will be presented.
Derivation of the Analytical Solution
The system is a linear system. If we let x 1 be the response corresponding to the first forcing term and x 2 be the response corresponding to the second forcing term, the total solution is the summation of these two.
• The response caused by C 2 t 2 cos(␣t 2 /2ϩ) Noting cos(␣t 2 /2ϩ)ϭRe͓e i(␣t 2 /2ϩ) ͔, the response is
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Using the variable substitution ͓9͔, ϭͱ2iz 1 /␣ϩ(i n ϩ n ͱ1Ϫ 2 )/␣ for term ͐ 0
, the integration along the real axis in Eq. ͑4͒ transforms to an integration along a curve in the complex plane. The two curves are defined by the trajectory of z 1 and z 2 . z 1 and z 2 are
Typical trajectories for z 1 and z 2 with n ϭ100 s Ϫ1 , ϭ0.01, and ␣ϭ15 s Ϫ2 are shown in Fig. 2 . Both the trajectories are in the form of a parabola. Using this variable substitution, the first term in the bracket of Eq. ͑4͒ turns out to be
Equation ͑6͒ can be simplified by using constants C 3 ϳC 6 . 
From Macrobert ͓13͔,
where ⌫(x) is the gamma function and the integration curve C is shown in Fig. 3͑a͒ 
The contour CЈ is shown in Fig. 3͑b͒ . Noting ⌫(1/2)ϭͱ, ⌫(3/2)ϭͱ/2, Eqs. ͑8͒, and ͑9͒, yields 
where the trajectory T 1 and T 2 are shown in Fig. 3͑b͒ 
Substituting Eqs. ͑12͒ and ͑14͒ into Eq. ͑4͒, we obtain an analytical expression for x 2 . 
The total imbalance response of the Jeffcott model during acceleration can be obtained by the summation of x 1 and x 2 as given in Eqs. ͑17͒ and ͑15͒.
Analysis
Although numerical integration has to be used to calculate functions (z) and (z) in Eqs. ͑17͒ and ͑15͒, the analytical solution can provide more insights to the imbalance response during acceleration than a direct numerical solution. From the analytical solution, the full response can be viewed as three parts: a transient response due to initial condition; a ''synchronous'' vibration; and a suddenly occurring vibration at the damped natural frequency.
• The transient response is contributed by the terms "z i Ј…, "z i Ј…, and e z i Ј , iÄ1,2. 
From Eq. ͑5͒, we have
This component is called ''synchronous'' vibration because the instantaneous vibration frequency of x s is ␣t, which is obtained by the time derivative of ␣t 2 /2ϩ n 2 (1Ϫ2 2 )/(2␣). It is the same frequency as the instantaneous rotating speed.
• The suddenly occurring vibration with the damped natural frequency is contributed by 2ͱK and ͱK.
The equation for this component is
It occurs when K is first nonzero, i.e., when tϭ n ( ϩͱ1Ϫ 2 )/␣. The occurring time is very close to the time when the rotating speed hits the damped natural frequency n ͱ1Ϫ 2 /␣ when the damping of the system is low. It is also exponential decaying because the only vibrating term is e ␣ 0 t and e ␤ 0 t . Figure 4 shows these vibration components and the full response for n ϭ100 s Ϫ1 , ϭ0.01, ␣ϭ15 s Ϫ2 , and wϭ(1ϩi) ϫ10 Ϫ5 . The transient response ͑Fig. 4͑a͒͒ is quite small compared to the full response. If the transient vibration is ignored, there are two major components in the response: the synchronous vibration ͑Fig. 4͑b͒͒ and the exponential decaying vibration at the damped natural frequency after time tϭ n (ϩͱ1Ϫ 2 )/␣ ͑Fig. 4͑c͒͒. Although the function K is discontinuous, the full response is continuous because the function (z) and (z) are also discontinuous. These discontinuous functions compensate each other. The full analytical response ͑Fig. 4͑d͒͒ has been compared with the numerical solution of Eq. ͑1͒ that is calculated by the RungeKutta method. The relative difference is less than 0.5 percent at each time step.
Another useful observation of this analytical solution is that if only x s and x n are considered, the transient response for a general rotor system without gyroscopic effects can be written as
v is a complex number that represents the vibration of the rotor in two directions. N is the number of significant vibration modes. w k is a complex number that represents the system imbalance in the kth mode. dk is the damped natural frequency of the kth mode. M sk , k , M nk , and ␥ k are defined as the generic magnitudes and phases of the synchronous vibration and the suddenly occurring vibration in the kth mode, respectively. They are only related with the dynamic parameters of the rotor system, not with the system 
Conclusion
In this paper, an analytical solution for the imbalance response of the Jeffcott rotor during acceleration is obtained. This solution provides physical insights into the motion of a Jeffcott rotor during constant acceleration. The solution quantitatively shows that the motion consists of three parts: a transient vibration at damped natural frequency, a synchronous vibration with the frequency of instantaneous ''synchronous'' frequency, and a suddenly occurring vibration at damped natural frequency. This analytical solution provides guidelines for rotor design, estimation of system imbalance, synthesis of active vibration control, and balancing of rotor systems. C 7 ϭ ie Ϫ(i n 2 Ϫ2 n 2 2 ϩ2 n 2 ͱ 1Ϫ 2 )/(2␣) C 8 ϭC 7 ͱ2i/(␣ͱ␣) C 9 ϭ Ϫ2C 7 ␤ 0 i/␣ 2 C 10 ϭϪC 7 ␤ 0 2 /(␣ 2 ͱ2i␣) 
